Introduction {#Sec1}
============

The setup informally {#Sec2}
--------------------

The *Ising model* is one of the most studied lattice models in statistical physics. The Ising model (and Potts models generalizing it) have percolation-type representations called *Fortuin--Kasteleyn random cluster models* (FK model). Given a graph the Ising model assigns probabilities to configurations of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {L}^\spadesuit $$\end{document}$ (infinite graph formed by the vertices and edges of the squares and octagons in the picture) which we see as a modification of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {L}^\diamond $$\end{document}$Fig. 2FK configurations with wired and free boundary conditions on graphs dual to each other. Notice that these two configurations are dual to each other and thus have the same loop representations

We will consider a bounded simply connected subgraph of the square lattice. We will make this definition clearer later. An FK configuration in the graph is illustrated in Fig. [2](#Fig2){ref-type="fig"}a and its dual configuration in Fig. [2](#Fig2){ref-type="fig"}b. The dual configuration is defined on the dual lattice, formed by the centers of the white squares in Fig. [1](#Fig1){ref-type="fig"}a, with the rule that exactly one of any (primal) edge and its dual edge (the dual edge is the unique edge on the dual lattice crossing the primal edge) is present in the configuration or in the dual configuration. The so called *loop representation* of the FK model is defined on so called *medial lattice*, shown in Fig. [1](#Fig1){ref-type="fig"}a and formed by the corners of the squares, by taking the inner and outer boundaries of all the connected components in a configuration of edges. The loop representation can be seen as a dense collection of *simple* loops when we resolve the possible double vertices by the modification illustrated in Fig. [1](#Fig1){ref-type="fig"}b or Fig. [2](#Fig2){ref-type="fig"}.

The duality of the FK configurations described above gives a mapping between the set of configurations with wired boundary conditions and the set of configurations with free boundary conditions, defined on the graph and on its dual, respectively. One can check that the FK model parameter values *p* and *q* get mapped under this involution of FK configurations to values $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{p \, p^*}{(1- p)(1- p^*)} = q . \end{aligned}$$\end{document}$$In this article we will consider critical point of the model which happens to be the self-dual value of *p*, that is, $\documentclass[12pt]{minimal}
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                \begin{document}$$p_c= \frac{\sqrt{2}}{1+\sqrt{2}}$$\end{document}$. By the fact that it is the self-dual point we see that in Fig. [2](#Fig2){ref-type="fig"}a, b the FK models have the same parameter values. The only difference is in boundary conditions. The resulting loop configurations have the same law for the critical parameter on both setups, either wired boundary conditions on the primal graph or free boundary conditions on the dual graph.

The correspondence of boundary conditions is slightly more complicated for other boundary conditions than the wired and free ones.

### The role of the critical parameter. {#Sec3}

The parameter is chosen to be critical for several reasons. First of all it is expected that only for this value of the parameter the scaling limit will be non-trivial. For the other values, we get either zero or one macroscopic loop and all the other loops will be microscopic and vanishing in the scaling limit. The only macroscopic loop will be rather uninteresting as it will follow closely the boundary, so that the loop will fluctuate from the boundary only to a distance which vanishes in the scaling limit. In contrast, for the critical parameter the scaling limit will consist of (countably) infinite number of loops as we will be showing.

The second reason for selecting this value of the parameter is more technical. For that value, the observable we are defining in Sect. [4.1](#Sec29){ref-type="sec"} is going to satisfy a relation which we can interpret as a discrete version of the Cauchy--Riemann equations. This makes it possible to pass to the limit and recover in the limit a holomorphic function solving a boundary value problem.

The third reason for the choice of the critical parameter is that at criticality we expect that the loop collection will have a conformal symmetry. This is already suggested by the existence of the holomorphic observable.

In fact, the discrete holomorphicity and related techniques allow us to control the scaling limit well and to identify the scaling limit and to show its conformal invariance. And thus can be seen as the most important reason to consider a system at criticality.Fig. 3The loop collection and the exploration tree: solid ![](220_2019_3437_Figa_HTML.gif){#d30e834} (including solid pink on the background of dotted lines) indicate the loops. The dotted black lines form the tree. The dotted black lines with no pink on background are the jumps from one loop to another

The exploration tree and the main results {#Sec4}
-----------------------------------------

### The exploration tree. {#Sec5}

Figure [3](#Fig3){ref-type="fig"} illustrates the construction of the *exploration tree* of a loop configuration. The (chordal) exploration tree connects the fixed root vertex to any other boundary point. The construction of the branch form the root to a fixed target vertex is the following:To initialize the process cut open the loop next to the root vertex and *start the process* at that location on that loop.*Explore the current loop in clockwise direction* until the target point is reached or any point at which it is clear that it is impossible to reach the target point along the current loop (meaning that the current location of the exploration is disconnected from the target in the discrete slit domain where the explored part has been removed from the original domain).*If the target was reached, then stop and return* (as the result of the algorithm) *the path* concatenated from the subpaths of loops in the order that they were explored.*If the target was not reached yet, cut open the loop next to the current location* and jump to that loop and *go to Step (2)*.The construction depends on the direction of the exploration which was chosen in (2) to be clockwise. Instead of a deterministic choice, independent coin flips could be used to decide whether to follow each loop in clockwise or counterclockwise direction. This would lead to a different process. In this article we will use the above construction which suits well our purposes. After all, the main goal is to show convergence of the loop collection, and the above construction agrees well with our observable.

### Main result. {#Sec6}

The main theorem of this article is the following result. For its formulation, call a discrete domain *admissible* if it is simply connected and bounded and its boundary consists of a chain of black octagons and small squares as in Fig. [2](#Fig2){ref-type="fig"}a. More generally, introduce lattice mesh by scaling the lattices ($\documentclass[12pt]{minimal}
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#### Theorem 1.1 {#FPar1}
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#### Remark 1.2 {#FPar2}

In this article we will prove Theorem [1.1](#FPar1){ref-type="sec"} only in the case that $\documentclass[12pt]{minimal}
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The present article aims to provide clear details for the basic proof techniques which include the regularity properties of trees, derivation of the martingale observables and the corresponding martingale characterization in the boundary-touching-loop setting. In principle, one should be able to deduce the complete picture by repeatedly iterating this construction inside the resulting holes appearing after removing the boundary touching loops, the main difficult point being the fractal boundary. Instead, in the sequel \[[@CR15]\] we build the complete tree towards interior points, thus not having to deal with fractal boundaries. This requires working with a more complicated observable, and the proof in the current article better explains what follows in the sequel.

Our result in the 4-point setting is interesting in its own right. In a follow-up paper \[[@CR16]\], we use it to show that the interface conditioned on an internal arc pattern converges towards so-called hypergeometric SLE.

A sample of FK Ising branch is illustrated in Fig. [4](#Fig4){ref-type="fig"}.Fig. 4A sample configuration of the critical FK Ising model on a rectangular domain with free boundary conditions. Components with only one vertex are not shown. The colors distinguish different components. Notice that in this particular sample, the large orange loop happens to come fairly close to the boundary without disconnecting the small loops to its right. Thus the exploration path turns and explores those boundary touching loops inside the "fjord"

Previous results on conformally invariant scaling limits of random curves and loops {#Sec7}
-----------------------------------------------------------------------------------

So far, convergence of a single discrete interface to $\documentclass[12pt]{minimal}
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Organization of the article {#Sec8}
---------------------------

We will give further definitions in Sect. [2](#Sec9){ref-type="sec"}. In Sect. [3](#Sec13){ref-type="sec"} we explore the regularity and tightness properties of the loop configurations and the exploration trees based on crossing estimates. This gives a priori knowledge needed in the main argument. In Sect. [4](#Sec28){ref-type="sec"} we define the holomorphic observable and show its convergence. In Sect. [5](#Sec37){ref-type="sec"} we combine these tools and extract information from the observable so that we can characterize the scaling limit and prove the main theorem in Sect. [6](#Sec50){ref-type="sec"}.

The Setup and More Details of the Main Result {#Sec9}
=============================================

Graph theoretical notations and setup {#Sec10}
-------------------------------------
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See Fig. [5](#Fig5){ref-type="fig"} for an example of such a domain. The wired $\documentclass[12pt]{minimal}
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FK Ising model: notations and setup for the full scaling limit {#Sec11}
--------------------------------------------------------------
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We consider two boundaries of the domain, one which is the boundary of the domain and one which shifted by one lattice step from the first one towards the interior of the domain. They are both simple loops on the lattice which satisfy the same parity condition as the loops of the random cluster loop representation (the octagons on both sides have uniform color). More specifically$\documentclass[12pt]{minimal}
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Let us rephrase here the first half of Theorem [1.1](#FPar1){ref-type="sec"}.
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### Remark 2.2 {#FPar5}
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The exploration tree of FK Ising model {#Sec12}
--------------------------------------
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The following result is immediate from the definition of the exploration tree. Two branches coincide until the first time that the branch disconnects the target points by that result, and after that the branches explore disjoint regions, which will later imply independence of this processes for the FK Ising exploration tree.

### Proposition 2.3 {#FPar6}
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### Lemma 2.4 {#FPar7}

The mapping from the collection of boundary touching loops $\documentclass[12pt]{minimal}
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Similar constructions work in the continuous setting. See \[[@CR23]\] for the construction of the $\documentclass[12pt]{minimal}
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Let us repeat here the second half of Theorem [1.1](#FPar1){ref-type="sec"}.

### Theorem 1.1 (b) {#FPar8}
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The proof of Theorem [1.1](#FPar1){ref-type="sec"} is given in Sect. [6](#Sec50){ref-type="sec"}.

Tightness of Trees and Loop Collections {#Sec13}
=======================================

In this section, we establish a priori bounds for trees and loop ensembles. The setting is relatively general, although we only apply it here to the FK Ising exploration tree of the boundary touching loops.

A probability bound on multiple crossings by the tree {#Sec14}
-----------------------------------------------------

An approach to establish compactness properties of sequences of probability measures based on probability bounds of multiple crossings of annuli by random curves was set up in \[[@CR14]\] extending the results of \[[@CR1]\]. Below we use that type of result for the FK Ising exploration tree. We start from the essential definitions.
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Recall the general setup of \[[@CR14]\]: we are given a collection $\documentclass[12pt]{minimal}
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### Theorem 3.1 {#FPar9}

The following claim holds for the collection of the probability laws of FK Ising exploration treesfor any $\documentclass[12pt]{minimal}
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Each of the claims have their own applications below although they are closely related, see \[[@CR1]\].
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The following definition generalizes Definition 2.3 from \[[@CR14]\]. This definition is needed in order to recognize those crossing events which have low probability.
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### Remark 3.3 {#FPar12}
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Next we will write down an estimate in the form of a hypothesis analogous the ones presented in Section 2 of \[[@CR14]\]. The estimate is sufficient for the desired compactness properties of the exploration tree. In fact, we will present two equivalent conditions here. As we will later see that conformal invariance will hold for this type of conditions, again analogously to \[[@CR14]\]. These conditions will be verified for the FK Ising exploration tree below.
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See Fig. [8](#Fig8){ref-type="fig"} for more information about different types of branching points.

### Condition G2 {#FPar14}

The family $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma $$\end{document}$ is said to satisfy a *geometric joint unforced--forced crossing power-law bound* if there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K >0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta >0$$\end{document}$ such that for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\phi ,\mathbb {P}) \in \Sigma $$\end{document}$, for any stopping time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le \tau \le N$$\end{document}$ and for any annulus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A=A(z_0,r,R)$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 < r \le R$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {LHS} \le K \left( \frac{r}{R} \right) ^\Delta . \end{aligned}$$\end{document}$$Here LHS is the left-hand side of ([10](#Equ10){ref-type=""}).

Fig. 8Condition [G1](#FPar13){ref-type="sec"} or [G2](#FPar14){ref-type="sec"} imply that the crossing events of any of the types illustrated in **b**--**d** has small probability. The longer black arrow is the crossing event considered in ([10](#Equ10){ref-type=""}) and the shorter gray arrows are the crossings of the annulus that are still possible afterwards

We want to use Condition [G1](#FPar13){ref-type="sec"} or equivalently [G2](#FPar14){ref-type="sec"} as a hypothesis for theorems. We start by verifying them for the critical FK Ising model exploration tree.

### Theorem 3.4 {#FPar15}
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### Proof {#FPar16}

The theorem can be proved in the same way as the result that a single interface in FK Ising model satisfies a similar condition, which was presented in Section 4.1 of \[[@CR14]\]. However, stronger crossing estimates are needed for the exploration tree compared to a single interface. Luckily such estimates were established in Theorem 1.1 of \[[@CR7]\]. The full argument goes as followsSimilarly as in \[[@CR14]\], we try to bound uniformly from above the probability of crossings by the interface in an annular sector. This bound can achieved by given a uniform lower bound for open or dual open paths of edges in the random cluster model in the transversal direction. By symmetry we can suppose that we consider open crossings.By a similar arguments as in Section 4.1 of \[[@CR14]\], we can use FKG inequality to reduce it to a question of open crossing of a topological quadrilateral. See also Figures 12 and 13 in \[[@CR14]\]. We can move the wired boundary where the crossing starts and introduce free boundary along the two sides which are parallel to the possible open crossing. However we cannot move the free boundary or replace it by wired boundary if the boundary condition at the endpoint of the possible open crossing is indeed free. Thus we need to consider a general topological quadrilateral and not just regular one (with an archetypical shape), which was enough in \[[@CR14]\].As indicated by considerations in Fig. [9](#Fig9){ref-type="fig"}b, we end up to wired-free-free-free or wired-free-wired-free boundary conditions after the FKG transformation. (That is, we introduce new boundary along the boundaries of the annulus of the opposite "color" as the dashed crossing of the quadrilateral, in the sense that if we consider open crossing the new boundary is free and if the crossing crossing is dual open the new boundary is wired. Then we use the duality as we stated above.)Then we use the crossing estimates of \[[@CR7]\] to reduce an uniform lower bound. By Theorem 1.1 of \[[@CR7]\], the lower bound (as well as the upper bound) are uniform and depend only on the extremal length of the topological quadrilateral.The upper bound for existence of a curve can improved to the form $\documentclass[12pt]{minimal}
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Fig. 9Crossing estimates needed for Theorem [3.4](#FPar15){ref-type="sec"}. The setup with four marked points is the same as in Fig. [11](#Fig11){ref-type="fig"} in Sect. [4](#Sec28){ref-type="sec"}

As shown in \[[@CR14], Proposition 2.6\], this type of bounds behave well under conformal maps. We have uniform control on how the constants in Conditions [G1](#FPar13){ref-type="sec"} and [G2](#FPar14){ref-type="sec"} change if we transform the random objects conformally from one domain to another.
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### Theorem 3.5 {#FPar17}
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Uniform approximation by finite subtrees {#Sec16}
----------------------------------------

### Topology on trees. {#Sec17}
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### Uniform approximation by finite subtrees. {#Sec18}

Let us divide the boundary of the unit disc into a finite number of connected arcs $\documentclass[12pt]{minimal}
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#### Theorem 3.6 {#FPar18}
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#### Remark 3.7 {#FPar19}
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Fig. 10The events which are shown to have low probability in the proof of Theorem [3.6](#FPar18){ref-type="sec"}. Two thick arrows are the initial segment of the exploration which visits the boundary first time in $\documentclass[12pt]{minimal}
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#### Proof {#FPar20}
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Precompactness of the loops and recovering them from the tree {#Sec19}
-------------------------------------------------------------

### Topology for loops. {#Sec20}
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The random loop configuration we are considering is the collection of FK Ising loops which we orient in clockwise direction.

### Precompactness of the loops. {#Sec21}

#### Theorem 3.8 {#FPar21}
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#### Proof {#FPar22}

The claim follows directly from Lemma [2.4](#FPar7){ref-type="sec"} and the tightness of the trees. Namely, observe that there exists a constant $\documentclass[12pt]{minimal}
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Uniform approximation of loops by the finite subtrees {#Sec22}
-----------------------------------------------------

By Lemma [2.4](#FPar7){ref-type="sec"} it is possible to reconstruct the loops from the full tree. And by Theorem [3.6](#FPar18){ref-type="sec"} we can approximate the full tree by finite subtrees. How do we recover loops approximately from the finite subtrees? Can we do it in a uniform manner?
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Suppose that the loop doesn't intersect a fixed neigborhood of $\documentclass[12pt]{minimal}
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Also the bottom arcs from right to left are traced until the last branch point to the points defining the finite subtree. Again by Theorem [3.6](#FPar18){ref-type="sec"}, the part which remains to be discovered of the loops, has small diameter. Hence if we define approximate loop to have just a linear segment in that place, we see that the loop and the approximation are close in the given metric.

So we define the finite-subtree approximation $\documentclass[12pt]{minimal}
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### Theorem 3.9 {#FPar23}
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Some a priori properties of the loop ensembles {#Sec23}
----------------------------------------------

The following theorem gathers some technical estimates needed below.

### Theorem 3.10 {#FPar24}

The family of critical FK Ising loop ensemble measures $\documentclass[12pt]{minimal}
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The proofs of ([22](#Equ22){ref-type=""}), ([24](#Equ24){ref-type=""}) and ([25](#Equ25){ref-type=""}) are similar. The exploration process discovers, as seen from the root, the top arc of any loop before the lower arcs. As noted before, the diameter of the top arc is comparable to the diameter of the whole loop. Hence it enough to work with loops that have top-arc diameter more than *R*.
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For ([24](#Equ24){ref-type=""}), stop the process when the diameter of the current arc is at least *R* and the tip lies within distance *r* from the boundary. Let the point closest on the boundary be $\documentclass[12pt]{minimal}
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The proof of ([25](#Equ25){ref-type=""}) is very similar and we omit the details.
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### Some consequences. {#Sec24}

In the discrete setting we are given a tree--loop ensemble pair. The tree and the loop ensemble are in one to one correspondence as explained earlier. Recall that, given the loop ensemble, the tree is recovered by the exploration process which follows the loops in counterclockwise direction and jumps to the next loop at boundary points where the loop being followed turns away from the target point. Recall also that the loops are recovered from the tree by noticing that the leftmost point in the loop corresponds to a branching point of the tree and the rest of the loop is the continuation of the branch to the point just right of that branching point.

Consider any random tree--loop ensemble pair which is a subsequential weak limit of the tree--loop ensemble pairs of the FK Ising model. Since the discrete collections of loops are have finite number of big loops with the uniform bound ([18](#Equ18){ref-type=""}), the loop collection is almost surely at most countable also in the limit (use the Portmanteau theorem for the closed event that there are at most *n* loops of diameter strictly greater than *R*). By the properties of the loop ensemble given in Theorem [3.10](#FPar24){ref-type="sec"}, the limiting pair and the process of taking the limit have the following propertiesthe loops are distinguishable in the sense that there is no sequence of pairs of distinct loops that would converge to the same loop.Each loop consists of a single top arc which is disjoint from the boundary except at the endpoints and a non-empty collection of bottom arcs. In particular, the endpoints of the top arc (the leftmost and rightmost points of the loop) are different.From these properties we can prove the following result. The second assertion basically means that there is a way to *reconstruct the loops from the tree* also in the limit.

#### Theorem 3.11 {#FPar26}
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Precompactness of branches and description as Loewner evolutions {#Sec25}
----------------------------------------------------------------

### Precompactness of a single branch. {#Sec26}

We know now that the sequence of exploration trees is tight in the space of curve collections, which has the topology of Hausdorff distance on the compact sets of the space of curves. This enables us to choose for any subsequence a convergent subsequence. However, it turns out that we need stronger tools to be able to characterize the limit. We will review the results of \[[@CR14]\] that we will use.

The hypothesis of \[[@CR14]\] is similar to the conditions in Sect. [3.2](#Sec15){ref-type="sec"}. Once that hypothesis holds for a sequence of random curves, it is shown in that paper that the sequence is tight in the topology of the space of curves. Furthermore, it is established that such a sequence is also tight in the topology of uniform convergence of driving terms of Loewner evolutions in such a way that mapping between curves and Loewner evolutions is uniform enough so that if a sequence converges in both of the above mentioned topologies the limits have to be the same.

The hypothesis of \[[@CR14]\] for the FK Ising branch has been already established since we can see it as a special case of Theorem [3.4](#FPar15){ref-type="sec"}.

#### Theorem 3.12 {#FPar27}

(Kemppainen--Smirnov, \[[@CR14]\]). Under certain hypothesis, a sequence probability laws $\documentclass[12pt]{minimal}
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In addition to \[[@CR14]\], see also Section 6.3 in \[[@CR13]\] for this type of argument in the case of site percolation.

### Precompactness of finite subtrees. {#Sec27}

For fixed finite number of curves it is straightforward to generalize Theorem [3.12](#FPar27){ref-type="sec"}. In fact, the conclusions of Theorem [3.12](#FPar27){ref-type="sec"} hold for any finite subtree that we considered in Sect. [3.5](#Sec22){ref-type="sec"}.

In the rest of the paper we use these tools available for us and aim to characterize the scaling limits of finite subtrees of the exploration tree. If we manage to establish the uniqueness of the subsequent scaling limit of those objects, then Theorem [1.1](#FPar1){ref-type="sec"} follows from tightness and from the approximation result, Theorem [3.9](#FPar23){ref-type="sec"}.

Preholomorphic Martingale Observable {#Sec28}
====================================

The setup for the observable {#Sec29}
----------------------------

It is natural to generalize the setup of the previous section to domains of type illustrated in Fig. [11](#Fig11){ref-type="fig"}.Fig. 11Generalized setting for the chordal exploration tree. We add an external arc from *b* to *a* with the following interpretation. The observable contains an indicator factor for the curve starting from *c* and a complex factor depending on the winding of that curve. If that curve goes to *b* we continue to follow it through the external arc to *a* and from there to *d*. On the other hand, if the curve starting from *c* ends directly to *d*, then the curve connecting *a* to *b* is counted as a loop giving an additional weight $\documentclass[12pt]{minimal}
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Henceforth we consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\spadesuit $$\end{document}$ with four special boundary vertices *a*, *b*, *c*, *d*, where the boundary edges (when consider as edges of the directed graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\spadesuit _\rightarrow \subset \mathbb {L}^\spadesuit _\rightarrow $$\end{document}$) at *a* and *c* point inwards and the boundary edges at *b* and *d* outwards. Now *a* and *d* play the roles of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_{\text {root}}$$\end{document}$ and *w*, respectively, in the construction of the exploration tree of the previous section. The arcs *ab* and *cd* have white boundary ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {L}^\circ $$\end{document}$ wired) and *bc* and *da* have black boundary ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {L}^\bullet $$\end{document}$ wired).
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In fact, we will choose not to draw the external arc $\documentclass[12pt]{minimal}
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Preholomorphicity of the observable {#Sec30}
-----------------------------------
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Martingale property of the observable {#Sec31}
-------------------------------------
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Convergence of the observables {#Sec32}
------------------------------

In this subsection we first work on the scaling limit of the *4-point observable*. In that approach we keep the points $\documentclass[12pt]{minimal}
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### Convergence of the 4-point observable. {#Sec33}

It is straightforward to apply the reasoning of \[[@CR26]\] to this case. We only summarize the method here without any proof. See also the lecture notes \[[@CR11]\].
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### A proof for the fused case. {#Sec34}
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#### Lemma 4.3 {#FPar32}
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#### Proof {#FPar33}

Let's first prove (i) and then use that result to prove (ii).
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#### Proposition 4.4 {#FPar34}
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#### Proof {#FPar35}

Use the same argument as in the proof of Lemma [4.3](#FPar32){ref-type="sec"} (ii) to show that $\documentclass[12pt]{minimal}
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#### Remark 4.5 {#FPar36}
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#### Remark 4.6 {#FPar37}

This proof can be generalized to any domain with $\documentclass[12pt]{minimal}
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#### Proposition 4.7 {#FPar38}
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#### Proof {#FPar39}

The normal derivatives ([47](#Equ47){ref-type=""}) follow by the same argument as in \[[@CR10]\], Section 6.
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------------------------------------------------------------------------------------

We will determine the value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ for the 4-point observable in the same way as in Proposition [4.7](#FPar38){ref-type="sec"}. Remember that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le \beta \le 1$$\end{document}$.

Consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^\mathbb {H}$$\end{document}$ for the domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {H}$$\end{document}$ with the four marked boundary points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u<v<w$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\infty $$\end{document}$. This means that *h* can be written as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h = h^\mathbb {H}\circ \phi $$\end{document}$ where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h^\mathbb {H}= {{\,\mathrm{Im}\,}}\int (f^\mathbb {H})^2 \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi (a)=u$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi (b)=v$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi (c)=w$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi (d)=\infty $$\end{document}$.

For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u<v<w$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h^{\mathbb {H},u,v,w} (z) = \frac{1}{\pi } {{\,\mathrm{Im}\,}}\left( -\log (z-w) + \beta \left( -\log (z-u) + \log (z-v) \right) \right) . \end{aligned}$$\end{document}$$Hence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sqrt{\pi } \, f^{\mathbb {H},u,v,w} (z)&= \sqrt{ -\frac{1}{z-w} + \beta \left( -\frac{1}{z-u} + \frac{1}{z-v} \right) } \nonumber \\&= \sqrt{ -\frac{ Q(z)}{(z-u)(z-v)(z-w)} } \end{aligned}$$\end{document}$$where *Q*(*z*) is a quadratic polynomial.

Let's simplify things by setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=1$$\end{document}$. Hence for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<v<1$$\end{document}$, *Q*(*z*) can be written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Q(z)&= z\,(z-v) - \beta \,v\, (z-1) \nonumber \\&= z^2 - (\beta +1)\,v\,z + \beta \,v . \end{aligned}$$\end{document}$$Since the coefficients of *Q* are real, there are two options: *either* we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{Im}\,}}w_1 \ne 0$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{Im}\,}}w_2 \ne 0$$\end{document}$, and then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1^* = w_2$$\end{document}$, *or* we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_2$$\end{document}$ are real. Since ([55](#Equ55){ref-type=""}) holds and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^\mathbb {H}$$\end{document}$ is single valued in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {H}$$\end{document}$, there can't be any zeros in the upper half-plane. Hence the zeros are real.

Let's write also in this case the normal derivative in the direction of the outer normal$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \partial _n h^\mathbb {H}(x) = -\partial _y {{\,\mathrm{Im}\,}}\int (f^\mathbb {H})^2 = {{\,\mathrm{Re}\,}}\frac{ Q(x)}{x(x-v)(x-1)} \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \mathbb {R}{\setminus } \{0,v,1\}$$\end{document}$. By the same argument as in \[[@CR10]\], Section 6, this normal derivative is negative on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-\infty ,0) \cup (v,1)$$\end{document}$ and positive on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0,v)\cup (1,\infty )$$\end{document}$. This is only possible if the two roots of *Q* are equal. Therefore in addition to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< \beta < 1$$\end{document}$, the constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ has to satisfy$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (\beta +1)^2 v^2 = 4 \beta v \end{aligned}$$\end{document}$$and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =\beta _-$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =\beta _+$$\end{document}$ where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \beta _\pm = \frac{ -v + 2 \pm 2 \sqrt{1-v}}{v}. \end{aligned}$$\end{document}$$Let's write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _\pm -1 = \frac{2}{v} \,\sqrt{1-v}\,(\sqrt{1-v} \pm 1)$$\end{document}$, which is positive for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _+$$\end{document}$ and negative for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _-$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in (0,1)$$\end{document}$. Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta = \beta _-$$\end{document}$ and we find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \beta = \frac{ -v + 2 - 2 \sqrt{1-v}}{v} = \left( \frac{1-\sqrt{1-v}}{\sqrt{v}} \right) ^2 = \left( \tan \left( \frac{x}{2} \right) \right) ^2 \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<x<\pi /2$$\end{document}$ is such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v=\sin ^2 x$$\end{document}$. Notice that the double root of *Q* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{\beta v}$$\end{document}$ and it lies in the interval (0, *v*).
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A remark on crossing probabilities {#Sec36}
----------------------------------

As a side remark, let's derive the probability *P* of the internal arc pattern$$\documentclass[12pt]{minimal}
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Characterization of the Scaling Limit {#Sec37}
=====================================

Martingales and uniform convergence with respect to the domain {#Sec38}
--------------------------------------------------------------
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After we start exploring the branch we will move automatically from the setting of two points to a setting of three points. Hence we will also consider the setups of $\documentclass[12pt]{minimal}
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Remember that the two martingales were$$\documentclass[12pt]{minimal}
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Consider one of the processes above, for instance, $\documentclass[12pt]{minimal}
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Simple martingales and a martingale problem {#Sec39}
-------------------------------------------

We wrote *f* in the upper half-plane already in ([49](#Equ49){ref-type=""}). Let us now analyze what happens for a growing curve which we interpret as a random Loewner chain. For that we use Theorem [3.12](#FPar27){ref-type="sec"}. Next we notice that for all domains (and their approximating sequences) that agree near $\documentclass[12pt]{minimal}
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By the martingale properties in Sect. [4.1](#Sec29){ref-type="sec"} and the convergence results of the observables we have the following result.
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The solution is divided into two part. In Sect. [5.3](#Sec40){ref-type="sec"} we will show that $\documentclass[12pt]{minimal}
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In this section, we show how the "martingale problem" characterizes the law of $\documentclass[12pt]{minimal}
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More concretely, we work towards the following theorem. Its proof is given in Sect. [5.3.3](#Sec43){ref-type="sec"}.

### Theorem 5.2 {#FPar41}
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### Remark 5.3 {#FPar42}
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### Relation to Lévy's and Stroock--Varadhan martingale characterizations. {#Sec41}

The argument which we will present can be compared to Paul Lévy's characterization of Brownian motion. The law of Brownian motion $\documentclass[12pt]{minimal}
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### Lemmas. {#Sec42}

We need the next two lemmas, which we write in greater generality suitable for the 4-point case.

#### Lemma 5.4 {#FPar43}
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Similarly as in the previous section, we notice that we can do stochastic analysis with *M*, because *M* is a continuous martingale, see Chapter 2 of \[[@CR12]\]. The same argument, using that $\documentclass[12pt]{minimal}
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#### Remark 5.7 {#FPar50}
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Next result together with Theorem [5.2](#FPar41){ref-type="sec"} gives the distribution of the pair of processes $\documentclass[12pt]{minimal}
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### Theorem 5.8 {#FPar51}
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### Remark 5.9 {#FPar52}
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### Proof of Theorem 5.8 {#FPar53}
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### Proposition 5.10 {#FPar54}
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The claim follows from Lemma [5.11](#FPar56){ref-type="sec"} and from the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(U_t)_{t \in [0,T]}$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/2 - \varepsilon $$\end{document}$ Hölder continuous for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon >0$$\end{document}$ by Theorem [3.12](#FPar27){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\quad \square $$\end{document}$
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The martingale characterization in the 4-point case {#Sec45}
---------------------------------------------------

### The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {SLE}[\kappa ,Z]$$\end{document}$ process. {#Sec46}
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#### Remark 5.14 {#FPar59}
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We work towards the proof of this result in next subsections.

### Simple martingales from the observable. {#Sec47}
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#### Lemma 5.15 {#FPar60}
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#### Proof of Theorem 5.13 {#FPar62}
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#### Lemma 5.16 {#FPar63}
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Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec50}
==============================================

As a conclusion to this entire article we outline below the proof of Theorem [1.1](#FPar1){ref-type="sec"}.

As above, we consider a sequence of domains $\documentclass[12pt]{minimal}
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The basic crossing estimates were established for the FK Ising exploration tree and its branches in Sect. [3.2](#Sec15){ref-type="sec"}, Theorem [3.4](#FPar15){ref-type="sec"}. Based on those estimates, the precompactness of probability laws of a single branch or a finite subtree (i.e., a subtree with a fixed number of target points) was shown in Sect. [3.7](#Sec25){ref-type="sec"}. By those results we can choose convergent subsequences. The structure of the tree is characterized by the target independence, the independence of the branches after disconnection and the martingale characterization of a single branch in Sect. [5](#Sec37){ref-type="sec"}. Here it is needed that the branches converge in the strong sense as capacity parameterized curves.

By these results, every sequence of finite subtrees of the approximating domains converges in distribution to a finite subtree of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {D}$$\end{document}$ after a conformal transformation and under the metric defined in Sect. [3.3.1](#Sec17){ref-type="sec"}. In fact, it is possible to extend this convergence to the original domain (without the conformal transformation). See Corollary 1.8 in \[[@CR14]\] for such a result.

The precompactness of the probability laws of the full tree and of the loop collection were established in Theorems [3.1](#FPar9){ref-type="sec"} and [3.8](#FPar21){ref-type="sec"}, respectively. Therefore we can choose subsequences such that both the full tree and the loop collection converge. The above together with the finite-tree approximation in Theorem [3.6](#FPar18){ref-type="sec"} implies that the full tree has a unique limit which is the $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa =16/3$$\end{document}$. Similarly using the finite-tree approximation in Theorem [3.9](#FPar23){ref-type="sec"} we show that the loop collection has a unique limit which is characterized by the one-to-one correspondence to the exploration tree under the maps introduced in Sects. [1.2.1](#Sec5){ref-type="sec"} and [2.3](#Sec12){ref-type="sec"}, see Theorem [3.11](#FPar26){ref-type="sec"}. This ends the outline of the proof. Notice that the convergence takes place in a topology where both the tree and the loop ensemble converge simultaneously and convergence occurs for the full objects, not just the finite tree approximations (with only a finite fixed number of target points).
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Appendix A. Distortion of Annuli Under Conformal Maps {#Sec51}
=====================================================
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Appendix B. Auxiliary Results on a Priori Bounds {#Sec52}
================================================

Denote conformal images of the FK Ising boundary loop exploration tree and the random cluster configuration under $\documentclass[12pt]{minimal}
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Lemma B.1 {#FPar67}
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Proof {#FPar68}
-----
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Lemma B.2 {#FPar69}
---------
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Proof {#FPar70}
-----

Let *k* be the number of minimal crossings of *A* which touch the boundary so that their dual-open right-hand side touches free boundary (i.e. the vertex sets of the dual-open path and the dual boundary intersect) and that along each them there is at least one branching point. Then due to topological reasons *k* is at most 2. Let *m* be the total number crossings. Then $\documentclass[12pt]{minimal}
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Appendix C. Auxiliary Results on Loewner Evolutions {#Sec53}
===================================================

The results of this section are needed in Sect. [5.4](#Sec44){ref-type="sec"} above.
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Remark C.3 {#FPar74}
----------

Notice that in fact, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _0^T \frac{\mathrm {d}t}{V_t - U_t} < \infty $$\end{document}$ always. Namely,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _0^T \frac{\mathrm {d}t}{V_t - U_t + \varepsilon }&\le \int _0^T \frac{\mathrm {d}t}{\tilde{V}_t^\varepsilon - U_t} \le \frac{1}{2} \left( \tilde{V}_T^\varepsilon - \tilde{V}_0^\varepsilon \right) \le \frac{1}{2} \left( V_T - V_0 +\varepsilon \right) . \end{aligned}$$\end{document}$$Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _0^T \frac{\mathrm {d}t}{V_t - U_t} < \infty $$\end{document}$ follows from Lebesgue's monotone convergence theorem.

**Publisher\'s Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Open access funding provided by University of Helsinki including Helsinki University Central Hospital. A.K. was financially supported by the Academy of Finland. Both authors were supported by the Swiss NSF, NCCR SwissMAP and ERC AG COMPASP. A part of this research was done during A.K.'s participation in programs "Conformal Geometry" at the Simons Center for Geometry and Physics, Stony Brook University, and "Random Geometry" at the Isaac Newton Institute for Mathematical Sciences, University of Cambridge. We thank the anonymous referees for their valuable comments.

[^1]: Communicated by H. Duminil-Copin
